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Background: IMW’s Sodium Channel

Component
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Background: Model-Order Reduction for Identifying
Hodgkin-Huxley (HH)-Type Abstractions

X, =[m,h]"
Z, | Xw=tmbl em (h) o(V) =m’(V)h(V)
@ Bm(V) <:ITD Bh (V) . ah (V) INa = C;Na (V - VNa)O(V)
m = a,, (V)A-m)-B, (V)m h = a, (V)L=h) =B, (V)h
Generate a set of finite Parameter Estimation
> 5| tracesproducedat |y  from Finite Traces
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2 = 2, l
Ay Bm ay, Bh
o, (V) Vv,
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Z < Identification E— .2
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Bh (V) V

Published in CMSB’12 9




Bisimulation Functions (BFs)

BFs: contractive metrics that characterize |I0S-based equivalence of
two dynamical systems.

%, =12 y; =0;(X)
— % =f(x,u)
ueR”™ T g i RY 5> RP

X, € R"
f:R"R™ > R"

BF S(x,,X,): R"xR™ - R,, between X, and X, is a smooth function such that,
1. S bounds output difference

”gl(xl)_gz(xz) ” < S(Xl’XZ)
2. S decays along trajectories

Yu,,u,,X,,X,,dA > 0,y = 0 such that

0S 0S
a71f1(x1,u1)+£f2(x2,u2) < =AS(X,X,)+yllu,—u, |

10



|OS : Bounded input difference leads to bounded output
difference

Forallt >0,
19, (X, (1)) =9, (X, (D) I < S(X,(1),X,(1))

< e‘“S(xl(O),xz(O))+%|| u, U, I,

where |[u, —u, |[[,=sup ., llu,(t)=u,(t) ||
l.e. max difference in input signals

11



Theorem 2: Small-Gain Theorem for
Feedback Composition

] t Uy = [g5(X3), wy] it u; = [g3(x3), W, |
BFs can be linearly e P e T
composed subject to 1= f1 u) o2 et

small gain condition >< ><

(sgc) . \ —

wi®) k5= frup [2ee0) w5 = f64u5) [ =m0

uz = [g; (1), Ws] u; = [g2(xz), W]

S,,(Ay,Y,): BF between £, and X, Y. Y,
S;(A,,v5): BF between X, and itself (a,,@,) chosen as:
i T12s <1 (sge), ts <o, < Ay o, =1 IfA,, <
12/V3 12 Y12
S([xl,x3],[x2,x3])=a1812(x1,>l<2) da, =1 Yﬁ<a2<}\'— IfA, <y,
+a,S,(X,,X'5) 3 1E
where S is a BF between X, and z,, |%=1 and a,=1  Otherwise




Methodology

Proving equivalence of £, and Z_,
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Methodology

Proving equivalence of £, and Z_,

2
z c i V.
€ V| c [_30130] V . VH G[ 30,30] H
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VI = _GNa(V\ - VNa)ol
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Compute S, (A, Vi) : l
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Sum-of _Square (SoS) | H 5 S=aS, +a,S,
polynomials computed _
using SoS optimization BF between Z_, and Z,
in SOSTOOLS Compute S.(A.,yc): _
g olhe YC_) Equivalence of 2 and =,
BF between Z. and itself

|IOS property of . 13



Preprocessing of £ and X,
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v v
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Equivalent Model of X,

Output of X, is nonlinear

Higher degree in output leads to

higher degree in BF

Time complexity increases with

degree of BF

Y is voltage-controlled counting

CTMC with linear output

Computing BF based on X/, is more

time efficient

By (V)

ZH ' QOutput:O=m’h

m = a, (V)(1-m)-B, (V)m
h =0, (V)(1-h)-B,(V)h

Equivalent Model
(invariant manifold)

Z’H - Output: O
X\, =AL(V)X],, AL(V) e R®xR®
X’H = [COO’Clo’CZO’O’C017C11’C21’C31]T

30,()  20,()  a(V)

Car), BulV) (Co) 2Bo(V) (Cur) 36,(V)

a, (V)

o, (V) B,(V)] o V) BV |, (V) B,(V)
30,(V) | 12a,() | | @)

o) Ba(¥) (Cu) 2,(V) (Coy) 3Ba(V) (Cu

P
<«
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SoS Optimization Problem

= S0S Polynomial:
A multivariate polynomial function p(x,,X,,...,X,,) =p(x) Is an

SoS polynomial if there exists f,(x),f,(x),...,f. (x) such that
p(X) = fo(x) =Cc W X] +C W XI7Xx, +L
=1

= S0S Optimization Problem(SOSP):
. T
mll’]C CWwW
such that
p.(X) isan SoS fori=12,...,n
where C=[C,C,,...,C_]", C. is co-efficient vector of p.(x),

fori=12,...,n, and w Is some given weight vector.
= SOSTOOLS:
A Matlab toolbox to solve SoS optimization problem.

16



Formulation of SOSPs for S, and S_.

P, : SOSP to compute S,

— |
minC w Issues to compute BFs in
such that SOSTOOLS

Pt s, 00x0) = (0,x) ~ 94(x,))” is SoS .

55 55 — Choosing form of BFs
_(a—IA'(V') N H An(Ve)) =2 S X0) - Input space quantization
+Y IV, =V, Il is SoS for all (V,V,)  — Choosing optimization

P.: SOSP to compute S, function
minC’w — Handling A and y

P such that

C- SC(XC,XZ:)—(gC(XC)—gC(XZ:))Z Is S0S

oS dS ,

_(a (GNa(Xc - VNa)OI)+ —,(GNa(Xc _VNa)OH))_

X ¢ OX

AcSc(Xe  Xe)+ 7 10, -0, llis SoS for all (0,,0,) 17



Choosing Form of BFs

» First step to compute BFs in SOSTOOLS is to choose form of BFs.

» Ellipsoidal polynomial (sosvar in SOSTOOLS) form is chosen for

BFs:
S(X,,X,)=2"'Qz

where z =[X;X,], X, fori=12, is a state vector of £. and Q
IS a positive semi-definitve matrix which contains the decision
variables of SOSP.

= pvar toolbox is used to define polynomial variable in SOSTOOLS.

18



Input Space Quantization

= Second condition of BF needs to be held for all pairs of inputs.
= SOSTOOLS can not handle continuous input space.

* BFS are computed using quantized input space in
SOSTOOLS.

u
“ T
AN
u Input space U ..xhoooe o
max discretization 0000
> o 00 O
600 0 .l
u > U umax

max
Continuous bounded input space U Quantized input space "

19



Input Space Quantization Contd.

= Quantization of Input space can be justified by sensitivity
analysis.

= Qverall bound on output differences computed by BF due to
Input space quantization: &, +90, + 9.

z/ld
0 ) ) 0, ) /
£ < < > <
- Existence of BF
computed by input-
space gquantization
8, sensitivity to quantization 8, sensitivity to quantlzat|on20

v



Choosing Optimization Functions

BF bounds outputput 0.4
. —oOD
differences. 0.35] — BF (Objective Function-1)
: 0.3 — BF (Objective Function-2)
Choosing a proper
0.25 OD=square of output differences

objective function is critical
to obtain a tight bounds on
output differences.

Theorem 1 implicates BF is

maximum at initial states. 0 ‘ ‘
0 0.5 1 15 2

Time (ms)

Minimizing BF at initial
states provides better
bound.

Fig. S,, plotted along a pair of trajectories of
¥ and X ,. Objective function-1: minimizes BF
at all states. Objective function-2: minimizes
BF only at initial states. 32



Handling A and y

» Fixed value is used for A
» Fixed value is used for vy

= Criteria for choosing A and y: /e <1 (sgc)
H " C
Problem BF y) y
P Si A, =01 |7, =0001
Fe Sc A. =001 |7.=0.0001

Table: Fixed values for 4 and y



Results:

BF between Two Sodium Channels

S =X %] QX X,]
where x, e R.2, X, e R, and Qe R x R*"

IS a positive semidefinitive matrix

—OD
—BF

0/\ L

0 05 1 15 2

Time (ms)

V,(t) =-30mV, V,(t) =-30mV

0.07;

0.06

0.05¢
0.04;
0.03;
0.02;
0.01f

V,(t) =-30mV, V,(t)=30mV

—OoD
—BF

1.5
Time (ms)

0.07;
0.06
0.05;
0.04/
0.03;
0.02}
0.01;

0

05&&3

0.5

—OD
—FBF

Time (ms)

1.5

V,(t) =30mV, V. (t) =-30mV

Fig. S,, covers output differences and decays along two trajectories of £, and X,,.

Three pairs of trajectories are generated using three different pairs of input signals. »




Results:

BF for Context

S. =1.27V? —1.4599V )V, +1.27V?

—oD
—BF

% 5 10 15 20 25 30 35 40 45 50
Time (ms)

0,(t)=0.01, O,(t)=0.01

4000,
3500 X
3000/
2500/
2000/
1500/
1000/
500/

% 5 10 15 20 25 30 35 40 45 50
Time (Ms)

0O,(t)=0.04, O,(t) =0.01

4000;
—OD
3500 —BF
3000/
2500/
2000
1500/
1000}
500/
% 5 10 15 20 25 30 35 40 45 50

Time (ms)

0,(t)=0.08, O, (t)=0.01

Fig. S, covers output differences and decays along two trajectories of .. Three
pairs of trajectories are generated using three different pairs of input signals.
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Results:
BF between Two Composed Systems

— . OLAL—OLY s OLY e — LA
= 1°YIH 21C 21 C 1°YIH
S=a,Sy +0a,5; A =min( , )
(04 o
1 2
4000, s 5000 oy 5000 —
3500¢ —BF 4500 —BF —BF
3000 2000! 4500
2500 3500 4000
2000
1500 3000 3500
1000/ 2500y 30001
500 2000
0 1500 ‘ ‘ 2500, 5 10 15
° > Time (ms) 10 1 0 ° Time (ms) 10 15 Time (ms)
Vi(0) =-30mV, V,,(0) =-30mV V,(0) =-30mV, V,,(0) = 30mV V,(0) =30mV, V,,(0) =-30mV

Fig. S covers output differences and decays along two trajectories of ., and Z,,.

Three pairs of trajectories are generated using three different pairs of input signals.
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Results:
3D Visualization of BFs

SIH SC S

0.05 Il BF

0 1000 30 4 S0 60 70 8 9 10
Time (ms)

0
W T 0 @ 0 10
Time (ms)

] i ] |
2100 20 40 60 80 100

Time (Mms)

Fig. All three BFs cover the the corresponding output differences
and are non-increasing at all time. BFs are plotted along the cross-
product of a pair of trajectories of the corresponding systems.
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Results:
Empirical Evidence of Compositionality

Voltage Comparison Conductances Comparison
18 0.08(
2
20 + / 0.07¢ z:CI
» 0-06/ —__“cH
i (O]
T 2 S 0.05/
> 24 | ZC' S 0.04
g — “CcH c 0.03"
S 26 S
g 0.02"
28] 0.01]
300 05 1 15 2 25 3 35 4 45 5 005115 %im%-?mg) 35 4 45 5

Time (ms)

Fig. Simulation of two composed systems X, and Z_,,. Substituition of 2, by X,
tends to accumultae error, but existence of BF between them ensures that the

error is bounded. The mean L1 error: Conductances: 9x107°, Voltage: 1.42mV
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Ongoing Work

Applying abstraction and compositional
reasoning to other ionic, pump and

exchanger currents on IMW model
0.07;

—OD

More effective ways of covering input 0.06| Original BF
spaces 0.05" — 15! level scaling on BF
— 2" |evel scaling on BF

Finding a better covering of output 004

differences

0.02}
— Restricting the domain of BFs 0_01&

0.03}

— Formalization of applying scaling 0 05 =
functions on SOSTOOLS-based BFs Time (ms)

Fig. Application of exponential

Non-dimensionalization of context for . .
scaling function on S,

more reasonable composed BF
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Conclusions

Cast IMW cardiac cell model as a feedback composition of
sodium channel and rest of the model

|dentified approximately bisimilar 2-state HH-type abstraction
for 13-state sodium channel model of IMW using curve
fitting-based procedure (PEFT+RFI)

|ldentified BFs using Sum-of-Square relaxation in
SOSTOOLS

Verifying small-gain theorem for cardiac cell model

Compositionality results for cardiac cell dynamics based on
BFs
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